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Lo1 no1 dau

Ly thuyét diém bat dong c6 mot vai tro dic biét trong toan hoc. N6 ¢o
ing dung trong nhiéu linh vic nhu phuong trinh vi phan, phuong trinh dao ham
riéng, giai tich s6,... Bén canh viéc nghién citu sy ton tai diém bat dong ctia 4nh
xa, ngudi ta ciing nghién citu cac thuat toan, cac so do lap dé tim kiém va xay
dung céc day diém bat dong xap xi clia anh xa. Day 1a mot van dé quan trong co
nhiéu tng dung trong thuyc té.

B4o cdo trinh bay nhitng kién thiic vé khong gian UCW - hyperbolic va day
lap Krasnoselki - Mann.

Bao céo dugce chia thanh cac chuong sau:

Chuong 1. Khong gian UCW - hyperbolic.

Chuong 2. Day lap Krasnoselki - Mann.

Chuong 3. Téc do tiem can déu cia day lap Ishikawa.

Ha Noi, ngay 22 thang 12 nam 2019

Th.S.Nguyén Thuy Linh



Chuong 1
Mot sb kién thitc chuan bi

Dinh nghia 1.1. Khong gian W - hyperbolic (X, d, W) la mot khong gian metric
(X, d) véi mot anh za loi W : X x X x [0,1] — X théa man:

(W1) d(z, W (2,5, \) < (1= Nd(z,2) + Ad(z, )
(W2) d(W (2,9, 1), W (2,9, 1)) = [A = Md(z, 9)

(W3) W(z,y,\) = W(y,,1 - \)

(W4) d(W (2,2, A), W(y,w, A)) < (1 = A)d(z,y) — Ad(z, w)

Anh xa 16i W dugc Takahashi xem xét dau tién & d6 bo ba (X, d, W) théa man
(W1) duge goi la khong gian metric 16i. Néu (X, d, W) théa man (W1) — (W3)
thi ta c6 khai niem kiéu khong gian hyperbolic trong chiéu ciia Goebel va Kirk.
Itoh da xét dén (W4) du6i ten "diéu kien 11", da duge Reich va Shafrir, va Kirk

diing trong cic khai niém ctia ho vé dinh nghia khong gian hyperbolic.

Vi du 1.0.1. Céc lop cia khong gian W - hyperbolic bao gom khong gian dinh

chuan va cdc tap con 10i ciia nd, hinh cav Hilbert ciing nhu khong gian CAT(0).

Dinh nghia 1.2. Khong gian W - hyperbolic (X, d, W) la 107 deu néu cho r > 0



bat ki va e € (0,2] thi ton tai 6 € (0,1] sao cho vdiVa,x,y € X,

1 1
- d(éa: @ éy,a) <(1=9)r

Dinh nghia 1.3. Khong gian W - hyperbolic loi déu vdi mot modun 101 déu duoc

goi la khong gian UCW - hyperbolic.

Dinh nghia 1.4. Cho (X,d) la mot khong gian metric, (x,) la day con bi chan
trong X va C C X la tdp con khdc rong cia X. Ching ta dinh nghia cdc phiém
ham :

(e (20)) + X — [0,00), 1 (y, 2) = sup{d(y, z,)/n = m}

vdim €N

(., (2,)) : X —[0,00),7(y, x,) = limsup d(y, x,) = inf r,, (y, z,) = lim 7, (y, z,)
n—oo

n



Chuong 2

Khong gian UCW - hyperbolic

Két qua sau day chi ra rang trong truong hgp khong gian UCW - hyperbolic

day du thi cling c6 nhiing két qué t6t nhu trong khong gian Banach 16i déu.

Ménh dé 2.1. Cho (X,d,W) la mot khong gian UCW - hyperbolic day di. Moi
day bi chan trong X c6 duy nhat mot tam tiém can doi vdi bat ki tap con loi,

dong, khac rong C' ciia X.
Chiing minh. Cho n 13 modulo 161 déu don diéu. Ap dung menh dé ta ¢6 ham s6:
(., (z,)) : C — [0, 00)

dat cuc tiéu tai mot diém. Qua bo dé ta ching minh dugc ring:

1 1

5y 5 (o) < max{r(y, (), (2 ()}

6doy,z e Ciy # 2.

Cho M := max{r(y, (x,)),r(z, (x,))} > 0.

Cho € € [0,1], ton tai N sao cho d(y,z,),d(z,z,) < M +e < M + 1 vé6i
Vn > N.

Hon ntta




Ap dung bd dé ta cé: v6i Vn > N

1 1

d(5y @ 52, (xn)) < (1 -

2 2

do doé,
1 1

m(M +1,

r(5y ® 52z (n)) < (L=n)(M +1,

2 2
Cho € — 0 thi:

1 1

r(5y @ 52, (zn)) < (L—n)(M +1,

2 2

d(y, 2)
M——l—l)(M +¢)

d(y, z)
M)

d(y, 2)

M < M.
M+1)

]

Dinh nghia 2.1. Cho T : C — C. Ki hieu F(T) la tdp cdc diém bt dong ciia

T. Cho x € C bat ki va vdi bat ki e > 0 ta ki hiéu

Fiz (Txz,b) ={y € C/d(z,y) < b,d(y,Ty) < €}

Néuxz € C vab> 0 vdi Ve > 0, ta néi raing T cé diém bat dong zap i trong mot

lan can b cia x.

Bo6 dé 2.1. Cidc khing dinh dudi day la tuong duong:

(i) Ton tai mot day bi chan (x,) trong C sao cho lim d(x,,Tz,) = 0;

n—oo

(i) VéiVx € C va 3b > 0 sao cho T c6 day diém bat dong zdp xi trong mot

lan can b cua x;

(iii) Ton tai x € C va b > 0 sao cho T c¢6 day diém bat dong wap i trong

mot lan can b cia x.

Dinh nghia 2.2. Gid s (X,d, W) la mot khong gian W - hyperbolic C C X la

10i. Anh 2o T : C — C duogc goi la khong gian néu

d(Tz, Ty) < d(x,y)

vdi mot x,y € C.



Dinh nghia 2.3. Cho X € (0, 1] bat ki, anh za trung binh T dugc dinh nghia la:
Ty:C— C/Th(z) =(1=Naxd Nz

Ta thay T\ khong gidn va F(T) = F(T)).

That vay, v6i z,y € C, X € (0,1];T 1a anh xa khong gian thi
va

d(z,T\(z)) =d(z,(1 = Nz @ ATz) < (1 — N)d(z,z) + Ad(z,Tx) =0



Chuong 3

Day lap Krasnoselki - Mann

Dinh nghia 3.1. Day lap Krasnoselki (x,) bat dau véi v € C duge dinh nghia

nhu day lap Picard (T (x)) cia Ty:
o =2, Tpy1 = (1 = N, & Nz,

Tong quat, day con (\,) trong [0,1], ta cé dugc day lip Krasnoselki-Mann ( goi

la lgp doan Mann) (x,) bdt dau vdi x € C:
o =T, Tpy1 = (1 = Az, @ N Tz,

B6 dé sau thu duge mot s6 tinh chéat ctia phép lap Krasnoselki-Mann trong

khong gian W - hyperbolic.

B6 dé 3.1. Cho (z,), (yn) la day lip Krasnoselki-Mann bit dau vdi x,y € C. Khi
do:

(1) (d(zn,yn)) la gidm;
(i) Néu p la diém bat dong cia T thy (d(z,,p)) la gidm;

(113) (d(Tps1,TY)) < d(zp,y) + (1 — A\p)d(y, Ty) véi moin € N.



Ching minh. (i) Ta c6:
(d(@ni1,Yn41)) < (1= An)d(Zn, Yn) + And(T2n, Tyn)
Ma d(Tx,, Ty,) < d(z,,y,) nén ta duge:
(d(@ni1,Ynt1)) < d(@n, yn)

Do d6 (d(wy,y,)) la gidm;
(47)
Ta co:
d(Tny1,p) < (1= X)d(zn, p) + Md(Tp, p)
= (1= Ay)d(zn, p) + And(T,, T)
< (1= X\)d(zn, p) + And(zn, D)
Vay (d(zn,p)) la gidm.

(iid)

Ta co:

d(xpi1, Ty) < (1= A\p)d(x,, Ty) + \d(Tzp,, Ty)
< (1= A)d(xn,y) + (1= X)d(Ty,y) + Md(20,y)

< d(xn,y) + (1 = A)d(y, Ty).

]

Dinh ly 3.1. Cho (X,d, W) la mot khong gian UCW - hyperbolic day di, C' la
mot tap con loi, dong, khdc rong cia X va T : C — C khong gian. Khi dé cdc

khdng dinh sau la tuong duong:

(i) T c6 diem bat dong;



(ii) Ton tai day bi chan (u,) trong C' sao cho lim d(u,,Tu,) = 0;

n—oo

(iii) Day xap zi Picard (T™x) bj chin vdi x € C;
(iv) Déy zap xi Picard (T™x) bi chin vdi moi x € C;

(v) Day zap xi Krasnoselki-Mann (x,,) bi chan véi x € C va cho (\,) trong

[0, 1] théa man mot trong cic dieu kién sau day:

(a) N\, =X €10,1];
(b) lim A, =1;
n—oo
infty
(c) limsup A, <1 va > trung binh;
n n=0

(vi) Déy zap zi Krasnoselki-Mann (z,,) bi chan vdi moi x € C va moi (\,)

trong [0, 1].

Chitng minh. (i) — (i7)
Cho p la diém bat dong ctia T vA u,, := p v6i moi n € N.

Khi do ta co:

lim d(uy,,Tu,) = lim d(p,Tp) = d(p,Tp) =0
n—oo

n—oo

(i) — (4)
Do day (u,,) bi chan trong C nén theo ménh dé trén thi (u,) c6 duy nhat mot

tam tiém can ¢ doi véi C. V6i moi n € N thi ta co:
d(Tec,u,) < d(Te, Tuy,) + d(Tup, un) < d(c,u,) + d(uy, uy,)
Ap dung bd dé véi y :=Tec, p:= N =0, a,, := 1, B, := d(uy,, Tu,) ta duge:
d(Te,uy,) < d(c,uy) + d(un, Tuy,)

— Tc = c. Vay c la diém bat dong ciia T.

(i) — (iid)



Néu p la diém bat dong ctia T thi ta c6 T"p = p v6i moi n € N. Khi dé day
xap xi Picard (T™z) bi chan véi x € C.

(13i) — (iv)

(T™z) bi chan v6i z € C' ma T khong gian, nén véi Va,y € C thi d(T"z, T"y) <
d(z,y). Suy ra (T™z) bi chan vé6i Vo € C

(iv) = (i)

Goi ¢ 1a tam tiém can duy nhat cta (7"x).

V6i moi n € N, ap dung bo dé véi y := Tec,x, := T"z,p:=1,N := 0,0, :=
1,8, =0 thi Vn > 0(d(Tec, T"x) < d(c, T"z) = d(c, T""'z)) nén Tc = c. Suy
ra ¢ la diém bat dong ctia 7.

(i) = (vi)

Goi p la diém bat dong ctia T

Khi d6 véi bat ki € C, A trong [0, 1] thi

d(tpy1,p) = d(2p i1, Tp) < d(n, p) + (1 = Ap)d(p, Tp) = d(xn,p)

nén day (d(x,,p)) gidm va do dé né bi chan béi d(x, p).
(vi) — (v) Hién nhien

(v) = (@)

(a) Néu A, = X € (0,1] thi (z,,) 1a day lap Krasnoselki. Do d6 day lap Picard

T} (z) cta anh xa khong gian 7).

Ap dung (iii) — (i) va F(T) = F(T)) ta dugc T c¢6 diém béat dong.

(b) Gia st lim A\, = 1 vi ¢ € C la tam tiém can cla (z,). Theo bo dé ta
n—oo

P2

co:
d(Tc,cni1) < d(c,z,) + (1 — Ap)d(c, Tc)

Ap dung bé dé tren véi y = Te,p == 1L,N = 0,0, := 1,53, = (1 -

An)d(c, Tc) ta duge T'e = ¢



]

Heé qua 3.1. Cho (X,d,W) la khong gian W - hyperbolic day di, C C X la tap
con loi, déng,bi chin, khdc rong cia X va T : C — C khong gian. Khi dé T c6
diém bat dong.

) 1
Chitng minh. C6 dinh zo € C, xét anh xa Ty : C — C v6i T'| (z) = o D

) n n
n Tx.

n
Do Ty la anh xa Co nén theo nguyén li anh xa Co - Banach dz,, € C :

n

T1 (xn) = Tp.
n 1 1
Suy ra x, = —xo D n Tx,.
n
Lac do
1 n—1

d(xy, Tx,) = d(ﬁxo ) Tx,, T,)

1 -1
< —d(xo, Txy,) + n—d(Txn, Tx,)
n n

1 —1
< —d(zo, Txy,) + n
n

d(xp, x,) — 0,n — 00
n

Vay ton tai day (z,) bi chan trong C' théa man lim d(z,,Tz,) = 0. Ap dung

n—oo

dinh 1i trén 7" c¢6 diém bat dong. O



Keét luan Bao cao da trinh bay cac kién thic vé day lip Krasnoselki-

Mann.
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